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Aktraet- -We present particle simulations of natural convection of a symmetrical, nonlinear, three- 
dimensional cavity flow problem. Qualitative studies are made in an enclosure with localized heating. The 
assumption is that particles interact locally by means of a compensating Lennard-Jones type force F, 
whose magnitude is given by -G/rP + H/rq. 
In this formula, the parameters G, H, p, q depend upon the nature of the interacting particles and r 
is the distance between two particles. We also consider the system to be under the influence of gravity. 
Assuming that there are n particles, the equations relating position, velocity and acceleration at time 
tk = kAt,  k = 0, 1, 2 . . . . .  are solved simultaneously using the "leap-frog" formulas. The basic formulas 
relating force and acceleration are Newton's dynamical equations 
Fi.k = m~ai~, i = 1, 2, 3 . . . . .  n, where mr is the mass of the ith particle. 
Extensive and varied computations on a CRAY X-  MP/24 are described and discussed, and 
comparisons are made with the results of others. 
1. INTRODUCTION 
Thermally induced fluid motion in confined spaces is of widespread interest in fluid mechanics. 
Indeed, numerous examples (e.g. heat, smoke, carbon monoxide movement in closed spaces under 
incipient fire) of such flows may readily be cited from everyday experience [1]. 
In this research, we will be interested in nonsteady, nonlinear convective flows which occur in 
a vertical circular cylinder with a symmetrical heat source at the bottom in the center of the 
cylinder. Precisely, the problem is stated as follows: consider motion of a viscous fluid within a 
vertical cylinder of height a and radius b (see Fig. 1). The fluid is initially motionless and at a 
uniform temperature To. The enclosure walls are also at this temperature, except for a small 
centrally located circular spot on the base of radius c which is at a temperature Th > To. The 
problem is to describe the subsequent heat transfer in the enclosure as function of time. 
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Fig. 1. Cylindrical enclosure and co-ordinate system. 
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As in studies by others, we assume the flow to be axisymmetric. Therefore, we can and do 
consider the problem in a plane, rectangular section of the cylinder, the left-hand side of which 
corresponds to the axis of the cylinder. 
Our approach is formalized as an n-body problem which incorporates classical molecular type 
forces. Large systems of second order, nonlinear ordinary differential equations are generated and 
solved numerically on a CRAY X-MP/24. Examples with various parameter choices will be 
described and discussed. Comparison with results of others for continum models will also be made. 
At the present ime, our approach remains qualitative. 
2. PARTICLE MODELLING 
2. I. Classical molecular forces 
Physically, molecules behave in the following simple way. Two molecules interact only locally 
and they attract when relatively far apart and repel when relatively close, with repulsion being of 
a greater magnitude than the attraction [2, 3]. In general, this behavior is formulated mathemat- 
ically as follows. 
Let particles P~, P~ have respective masses m~, m2. Then the local, molecular type force F which 
P2 exerts on PI will be assumed to have magnitude F given by 
Gmlm2 Hmlms 
F= = - - 4  - - ,  (1) 
r p r q 
where G is called the constant of attraction, H the constant of repulsion, p the exponent of 
attraction, q the exponent of repulsion, and where 
q >p >0, G ~>0, H~>0. (2) 
2.2. Particle modelling 
Our fundamental physical assumption is that gross fluid behavior is the result of molecular 
interaction [2]. The resulting molecular interaction will then be approximated by grouping 
molecules into large units, called quasimolecules or particles, and then applying suitably adjusted 
molecular dynamical formulas to the resulting n-body system. This process of lumping molecules 
into particles was employed by both Boussinesq and Prandtl [4, 5]. 
Quasimolecular modelling, also called particle modelling, utilizes coupled, second order systems 
of nonlinear differential equations 
Fi=mi[i, i=1 ,2 ,3  . . . . .  n, (3) 
in which the F~ are chosen in the following special way. To approximate actual molecular 
interaction, we would, in general, allow each F~ to consist of two parts, a long range component 
and a local component, and to compensate for the grouping of molecules into quasimolecules, we 
adjust the parameters in the local force formula (1). System (3) would then be solved numerically 
from the given initial data. 
3. NONCONSERVATIVE MATHEMATICAL MODEL FORMULATION 
Natural phenomena often can be viewed as being conservative or nonconservative. For 
nonconservative phenomena of the type we will consider, we will solve the resulting dynamical 
equations numerically by the leap-frog formulas [6]. These formulas are given as follows. 
For positive time step At, let tk = k At, k = 0, 1, 2, 3 . . . . .  For i = 1, 2, 3 . . . . .  n, let particle Pi 
have mass mi and at time t k let Pi be located at ri. k ----- (Xi, k ,  Y~.k), have velocity formulas, which relate 
position, velocity and acceleration, are as follows: 
At 
v~. ~/2 = v~. o + ~ a~. o, (4) 
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¥i,k+t/2=Vi, k_l/2+Atahk, k = 1 ,2 ,3 , . . . ,  
ri, k+t=ri ,  k+AtVi ,  k+l/2, k =0,  1,2,3 . . . . .  
(5) 
(6) 
For particle models, in particular, we proceed as follows. I f  F~. k is the force acting on Pi at time 
tk, where F;,k = (Fi.k.x, F~.k.y), then we will assume that 
Fi, k = miai, k. (7) 
Next, we assume that the local force (F~,k.x, F~,k,y) exerted on P~ by Pj is given as follows. Let 
-G  H ~ Xi, k- -  Xj, k 
E,k,x = m,mj ~,, + ~ - - ,  (8) 
\ ij, k ij, k ]  rU, k 
~i k y = mimj ( - -G  + H '~ yi, k ~_YJ ,k " 
"" \ r~,k r~,k,] rq, k 
(9) 
The total force * * (Fi, k, x, Fi, k.y) on P~ due to n - 1 other particles is given by 
j=l j f f i l  
j# i  j# l  
Finally, since gravity is important in fluid motions, we include it as follows: 
(io) 
Fikx=F* " Fi, k,y=F* (11) , i ,k ,x,  i , k ,y - -g"  
Thus equation (7) is now determined completely and equations (4)-(6) can be implemented from 
the given initial data. Computer programs are available for the interested readers in Ha [7]. 
4. COMPUTER EXAMPLES OF NATURAL CONVECTION IN AN ENCLOSURE 
WITH LOCAL IZED HEAT ING 
4.1. Case 1 
Before considering heating and vortex generation, let us show how to create a quiescent fluid. 
For this purpose, we set G = 0, H = 30, q = 3 in local force formula (1), and let gravity g = -98.0.  
This allows the particles to move relatively freely, as is desirable in a fluid. Assume that gravity 
acts uniformly on all particles, but that local interactions are restricted to pairs of particles whose 
distance of separation is less than 0.35. 
Next, let us arrange and number 2575 particles, each of unit mass, in a square whose vertices 
are A (0.125, 6.25), B(0.125, - 6.25), C(12.625, - 6.25) and D (12.625, 6.25) in the following way. 
A particle at point (x~,yi), i = 1, 2, 3 . . . . .  2575 will be denoted by Pi. For i = 1, 2, 3 . . . . .  2575, the 
(x~, y~) are determined by 
xt =0.25, Yl =6.25, x51 =0.125, Ysl = 6.0, 
x i=x i - j+0.25 ,  Yi=6.25, i=2 ,3 ,4  . . . .  50, 
x~=xi_ l+0.25 ,  y i=6.0 ,  i=52,53 ,54  . . . .  101, 
xi = x~_ loI, Yi = Yi-  IOl -- 0.5, i = 102, 103, 104 . . . .  2575. 
The subscripts of the Pi increase from left to right on any row and the numbering begins on the 
top row and proceeds from any row to the next lower row. 
The 51 rows contain, alternately, 50 and 51 points. In each row the distance between two adjacent 
particles is 0.25. The distance between two consecutive rows is also 0.25. The resulting particles 
are the vertices of the triangular mosaic shown in Fig. 2. 
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Fig. 2. Configuration of  initial data. Fig. 3. Instantaneous motion. 
To generate a quiescent fluid, the resulting system of 2575 second order ordinary differential 
equations (3) was then solved numerically by the leap-frog formulas with At = 0.0001 and with 
randomly generated initial velocity vectors whose speeds were less than 0.0002. Whenever a particle 
crossed a side AD, CD or BC of the boundary (see Fig. 2), it was reflected back symmetrically 
across that boundary with a velocity damping factor of 0.9. However, when a particle moved to 
within a distance of 0.175 of side AB, which is an artificial wall corresponding to the axis of 
symmetry, the particle was assumed to interact with a symmetric particle across the artificial wall. 
In this fashion, we created a fictitious interaction particle with respect o the y-axis, and the two 
particles were allowed to repel each other without any damping. 
Figure 3 shows a typical resulting velocity field. The figure is relatively meaningless because the 
field is dominated by Brownian type motions, which reflects the strong molecular type interaction. 
A smoothing or filtering process is therefore required to clarify the gross fluid motions, and this 
will be implemented simply as follows. 
Definit ion 4.1 
For N a positive integer, let particle Pi be at  (Xi.k,yi.k) at time tk and at (X~.k-N,Y~.k-~) at time 
tk -N.  Then P;'s average velocity V~.k.S at time tk is defined by 
f Xi, k - -  Xi, k -N  Yi, k - -Y i ,  k - ,v '~ 
Vi.k.U = ~" ~ , NAt  )" 
The choice of N will be significant, as will be discussed throughout. I f  N = 1, vi. k. N is called an 
instantaneous velocity. 
In all our examples, we will be concerned with heat energy. In this connection, we will need the 
following definition and assumptions. We will always assume that a particle which collides with 
the base section BE receives heat, that is, if a particle collides with this section, then we add energy 
by increasing the particle's y-component of velocity. The increase c( in the y-component of velocity 
will be called the heat source constant ~. Throughout, we assume that the length of BE is one-tenth 
of BC, as shown in Fig. 2. 
Since temperature is a measure of the average kinetic energy of a particle, we will define the 
temperature of a particle as follows. 
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Definit ion 4.2 
Let  M be a fixed positive integer and let K~, ~ be the kinetic energy of particle Pi at time t k . Then 
the temperature T~,k of particle P~ at time t~ is defined by 
1 k 
T,. ~ =- -  E K#,  
" Mj .k_M+I  
which is the arithmetic mean of P /s  kinetic energies at M consecutive time steps. 
Before implementing heating, we now create our quiescent fluid shown in Fig. 4 by running our 
program until the kinetic energy of the system stabilized. In this case, with At = 10 -a, the program 
ran until k = 70000, t~ = 7. Figure 5 shows that the kinetic energy of the system is stable. Therefore 
we started heating after the 70000th time step. 
It should be noted that, throughout this paper, all examples were run until the kinetic energy 
of the system stablized. 
The objective of the examples which follow next is to compare the effects of different heat sources 
applied to the quiescent fluid shown in Fig. 4. 
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Fig. 6. Mot ion  o f  part ic les k = 100000, N = 3000, heat  = 10. Fig.  7. Mot ion  o f  part ic les k = 200000,  N = 3000, heat  = 10. 
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In this first example, let the heat source constant be 10. From experimental computations, the 
heat source 10 turns out to be "small", that is, it allows accurate, stable motion for At greater than 
0.0001. Hence, we used At = 0.0002 instead of At = 0.0001. This saves computing time. 
Figure 6 shows the formation of a primary vortex in which we used N = 3000 in Definition 4.1. 
Figure 7 shows the full evolution of this vortex. Here, we also used N = 3000 in Definition 4.1. 
Figures 8 and 9 show temperature curves. In Fig. 8 where k = 100000, the temperature is not 
distributed uniformly to the right-hand top and the right-hand side wall. This means that particles 
move quickly only in the vertical direction at beginning of the heating. At k = 180000, the primary 
vortex is fully generated in the whole domain and temperature is distributed relatively uniform from 
left to right and bottom to top as shown in Fig. 9. 
Let us now define a secondary vortex as follows. If the six closest particles to a seventh particle 
all are in counterclockwise or clockwise rotation, then the seven particle configuration is called a 
secondary vortex. The seventh particle is called the center of the secondary vortex. It is assumed 
tacitly that no more than 12 of the closest particles are in counterclockwise or clockwise motion 
around the center of a secondary vortex. 
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Fig. I0. Secondary vortex I, k=180000,  N=1500,  Fig. 11. Secondary vortex II, k=200000,  N=I500,  
heat = I0. heat = 10. 
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F ig .  12. Secondary  vor tex  I ,  k - -10000,  N=1500,  F ig .  13. Secondary  vor tex  I I ,  k =100000,  N=3000,  
heat  = 20.  heat  = 20.  
Secondary vortices are shown in the upper right corners in Figs 10 and 11. Figure 10 was made 
by seven particles at k = 180000 with N = 1500 and Fig. 11 was made by 12 particles at k = 200000 
with N = 1500. 
We next set the heat source constant o 20. The qualitative behavior of the primary vortex and 
the temperature curves are entirely similar to those in the previous example, except he primary 
vortex was generated almost twice as fast as that in previous example. 
Some interesting results are in Figs 12 and 13 with respect o secondary vortices. They show 
secondary vortices not only at the right-hand top corner but also in the right-hand bottom corners. 
Furthermore, Fig. 12 shows two secondary vortices appearing of the right-hand top comer at the 
same time as in the right bottom corner. 
Next, we used the heat source constant equal to 30. The primary vortex was generated more 
quickly than the previous examples but showed the same qualitative behaviors. Unfortunately, even 
though we have tried various N values, we couldn't find secondary vortices even though the system 
was in steady-state. It may be that the rapid increase is the size of the primary vortex does not 
allow the development of secondary vortices. 
4.2 .  Case  2 
In this case we varied the parameters extensively from Case 1 by choosing G = 250, H = 450, 
p = 3, q = 7 in the local force formulas (8) and (9). Also we set gravity g = 9.8 and local interacting 
distance D equal to 1.2. The wall damping factor is 0.92. 
To generate a quiescent fluid, the relative arrangement of 2575 particles was the same as in 
Case 1. We only changed the initial distance between adjacent particles in each row to 0.9 units 
and the distance between two consecutive rows to 0.9 units also. We assigned each particle an initial 
velocity vector of zero. The program ran until k = 170000 with At = 10 -4. We also checked the 
kinetic energy for stability. 
We first set the heat source constant o 40. After heating was started, we used At = 0.0002. 
Figure 14 shows the formation of the primary vortex with N = 10000 and k = 240000. In Figs 15 
and 16, we couldn't see a primary vortex when we used N = 500, N = 1000. 
With large N values, we could see the primary vortex, as in Figs 17-19. Figure 19 was obtained 
with N = 20000 at k = 350000. 
At k = 240000, we found various secondary vortices at the right-hand side top and bottom as 
shown in Figs 20 and 21. We used N = 500, 1000. Temperature curves are shown in Figs 22 and 23. 
Figure 24 shows interesting secondary vortices. It shows two neighboring vortices which are 
moving in opposite directions. These are called paired vortices. We found a secondary vortex in 
the right bottom corner as shown in Fig. 25. All of the secondary vortices were found only with 
small N values, like 500, 1000. 
Next, we chose the heat source to be 50. The behavior of the system shows the same qualitative 
behavior as in the previous example xcept hat the primary vortex was generated more quickly. 
Fig. 14. Motion of particles, k = 240000, N = 10000, Fig. 15. Motion of particles, k = 240000, N = 500, 
heat = 40. heat = 40. 
Fig. 16. Motion of particles, k = 240000, N = 1000, 
heat = 40. 
Fig. 17. Motion of particles, k = 300000, N = 10000, 
heat = 40. 
Fig. 18. Motion of particles, k = 350000, N = 10000, 
heat = 40. 
Fig. 19. Motion of particles, k = 350000, N = 20000, 
heat = 40. 
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Fig. 20. Secondary vortices, k =240000,  N =500,  
heat = 40. 
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Fig. 21. Secondary vortices, k = 240000, N = 1000, 
heat = 40. 
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Fig. 23. Temperature curves, k =350000,  N= 10000, 
heat = 40. 
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Fig. 24. Secondary vortices, k = 300000, N = 500, 
heat = 40. 
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Fig. 25. Secondary vortices, k = 350000, N = 500, 
heat = 40. 
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Fig. 26. Secondary vortices, k = 230000, N = 500, heat = 60. 
However, in this example we described temperature curves by two different methods. We made 100 
equal sized blocks in the region. We calculated each particle's temperature using Definition 4.2. 
In the first method, we took the average of these in each block. We have used this method up to 
now and we will also use this method throughout this work without any special mention. In the 
second method, temperature is determined without averaging in each block. We expected ifferent 
shaped temperature curves when we used the second method, because of density variations with 
high temperature. But, in this example, they show the same patterns of temperature in both cases. 
We will return to this matter again in a later example. 
Next, we increased the heat source constant o 60. The behavior of the system with time is similar 
to that in the previous examples. The primary vortex does appear more quickly than in the previous 
examples. In this example, we found many different ypes of secondary vortices using various N 
values. Again, various secondary vortices and some stream lines appear in the upper and lower 
right-hand corners, as shown in Figs 26-28. The rapid appearance and disappearance of these 
vortices is typical of turbulent motion. 
4.3. Case 3 
In this case, again we vary the parameters extensively and first generate a quiescent fluid with 
the choices G = 10, H = 12,p = 3, q = 5 in the local force formulas (8) and (9). Also we set gravity 
g = 0.98, damping factor equal to 0.9 and local interacting distance D = 1.3. We assigned each 
particle an initial velocity vector of zero. 
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27. Secondary vortices, k =260000, N= 500, 
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28. Secondary vortices, k = 260000, N = 1000, 
heat = 60. 
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F ig .  29 .  The data set for heating, k = 150000.  
We now choose 59 rows in the cavity and each row has 50 or 51 particles alternately. The 
arrangement of  the 2980 particles is as follows. We set the initial distance between adjacent points 
in each row to unity and the distance between two consecutive rows to 0.86602 units. This initial 
mosaic is an equilateral triangular mosaic. The ordering of  particles is the same as in Case 1. 
The program ran until k = 150000 with At = 0.00025. We checked for stability before heating. 
Figure 29 shows the data set for heating at k = 150000. It took a long time to generate quiescent 
fluid as compared to Cases 1 and 2. The reason is this case has more particles and the particles 
are moving relatively fast. 
In the first example, the heat source constant is 15. We used At = 0.00025• The primary vortex 
begins at the left corner when k = 200000 as shown in Fig. 30. 
After a primary vortex has been generated in the whole region, we could see smooth motion of  
particles only for large value N. Figure 31 shows a large and smooth primary vortex with N = 20000 
at k = 350000. 
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Fig. 32. Temperature  curves ,  k :200000, M= 10000, Fig. 33 
heat  = 15. 
Again, various secondary vortices show at the right=hand top or right=hand bottom. 
Figures 32-35 show temperature curves at k = 200000, 250000, 300000 and 350000, respectively. 
We used M = 10000 in Definition 4.2. These curves are distinctly different from those of Cases 1 
and 2 due, in part, to increased horizontal compression. 
Next, we choose the heat source constant of 20. Again, only for large N value, can we see a 
smooth primary vortex. The qualitative behavior was, again, similar to the previous example. 
Finally, we set the heat source to 30. The behavior is the same qualitatively as in the previous 
examples. The primary vortex was generated relatively quickly as the heat increased. Using small 
N values, the motion was Brownian, but did reveal secondary vortices. We made the temperature 
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curves again in two ways. We divided the region into 100 equally sized blocks. First, we calculated 
the average temperature ofeach block. The second method used the summation of the temperature 
of each particle in the block. The different methods now yield distinctly different local behavior, 
due, in part, to the nonuniformity at the density distribution. Figures 36-39 show various 
temperature curves. 
4.4. Case 4 
In generating a quiescent fluid, we now chose G = 50, H = 50, p = 3, q = 5 for the local force 
formulas (8) and (9). Also, we set gravity g = 0.98, damping factor 0.9, initial velocity vector speed 
zero, and local interacting distance D = 1.3. 
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Fig. 41. The data set for heating k = 155000. 
The arrangement of 2980 particles is in 59 rows. Each row has 50 or 51 particles, alternately, 
as follows. We set the initial distance between adjacent particles in each row to unity and the 
distance between two consecutive rows to 0.57735 units. This triangular mosaic of particles filled 
two-thirds of the region, as shown in Fig. 40. The region and numbering is the same as in 
Case 3. 
The program ran until k = 155000 with At = 0.00025. We checked the stable data condition 
before heating started. Figure 41 is the data set for heating at k = 155000. Interestingly, the 
quiescent fluid in this case does not fill the cavity, but has a free surface. This case is similar to 
Case 3 but has stronger attraction forces and the initial data setting is different. 
At first, we began with the heat source constant 20. Also, we used At = 0.00025. 
The primary vortex at k = 240000 using N = 10000 is shown in Fig. 42. Using N = 10000, 
Figs 43-45 show the smooth growing of the pr imary vortex• 
Figure 46 shows secondary vortices at the right-hand top corner for k = 300000, N = 1000. 
Figure 47 shows various secondary vortices at the bottom right corner at k = 320000 with 
N = 5000. In this example, we also could not find a secondary vortex using larger N values• 
Figures 48 and 49 show the temperature curves at k = 230000, 350000, respectively. 
l~" r a~.~, . . . , .~ . . -~ . . ,~- -  ....-o-......" . . . . . .  . .... ........~:..•:....::.....:.....:;..........~:..   . . . . . .  . . .  - , , . , , : :  - - . ,  . _ - .  . . . . . . . . . .  -............ }'p. t / *j , , , , . .~ -,~,-,... ,.. : ... . . . . . . . . . . . .  .. 
".':" ",'• " .... , ; " ' " "  .... • "':"."': ' :": '"'""" I i it h'# " f "~,~.~., -~"~,.~-~" "' ""'. """::'"'::'::" • -. : - r . . ' ,  : ; . . : . . . -  . * .• . . ' . ' . .2 . . . . • ' . . . ' . . ,  . : . : . . ' . ' . . ; .  • ~ • - " ° • 
" ' " . . . . . . .  "" " " ' " "  "'"" " ' " ' " : ' "  "'"'" "'" . . . . .  ~/ra.,,"'.~-:~. ~"__,~,/.=-~-~.,,..(,'.'~'. ,::'-::'i-:--: 
i . . * ' ,  . " "  " " ' " : ' ' " " "  " ' " " "* ' " "  . . . . .  " ' " " ' : ' " "  ¢~.I " I ,  ¢ - , , - . ,  s _ .  • " ' .a  , . " .~'~.* . ,"* . ' . . ' .  
""::;~" , - .  ,;',: _ ,  ~..:-s,:-.~.::'.'-:":..:-.:.....'-:.:..'.:. , , . , .~ . - . : . - -=  .. ._...i-i .. ~ ,~ -', ,,-~ ',, . . . .  - , - , -  - ,, , -  , , . ,  "---, ........ . .  •-... -.. 
s,\-il.t- I z , . ,  , ".'~"'~.°-.A'~C'~".~x-.:'~'.'.';::'..:.'-: ,-;,'" . . . - . ,  .: .-. -':-'.- '..'." .... ' ...... :'." \~ ~t .f~, /, ,- ;.,,, ) .-.-,=....\~..:,.;:;,¢,,,:..::::.: 
• 1"~, .  ,'".:.,,':.,~."':::."":;;:;. .." . . . . . .  . .  . " " : ,  . . . . : : . . . . . . . ; . : . : . : ." . ' . . .  . .  "'"' : . .'.'"" ~" ~" ~l~(~r''~[''~^''[~''~.''" ~ . ,  ~ ~ , , . ~  . . ' '~ ' " " , ' ' \~ ' . - , , , " : ' ' ' " ' °~, . ' ' . , " " : : "  . . . . . . " "  ... 
, . . . . . . , .  ....... . ......... ....... ~ ~(~..~,/~ ,,',~.'.:. ,-.,,,,,;.:~,,,,,~:,~'~,;..,/:..: .... :.:.... , ~ ~.1~, , .  ," . .~ .  • . . . ,  . , .  . . .  . . .  . .  J ~ . • , ' .~  ~, ' ; : .  , "  ~ . ,  . " , . . . . . ' .  
~: .~,~. . :~  , , , , .  v . . . ,  ,~,(;. , , , , ,  , ~ . . . .  . , . . . : . . . . . .  
~,;-'/[~'~.,-.-'..~,',;<."":':'":::.'"'"::'""'::"''"":":" ,~"' o,-, . . . .  , - ,  , ,. ..... ........... 
. . . .  . ' " ' " ' : ' , : . ' : . ' : " . ' . ' , " . ' , ' , " : : ' . : ' : "  " . :  s., '~ o . . . . .  '~ , t  , ,  , , , ,  I , . . . . .  . . . . .  . . .  
~, , , ,2 . , . . , , . ,~ , . . . . , , . , . . , , . : . . , :  . . . . .  : , . : .  : . : . . . .  | l~ j  ~,,.~,,:~ -=t , .  , - , , ? , ,~ . ;~pb. , , )  # / , , ,~ ,z . . . . . . . , . . . , - . :  
• . . ,  ,~ '~, . . . . . , ,  • ,~ .~. ; ' , t ; ,~ ;  , ~ ,  ~ '* . . . ' . ' . . :  . . . . .  . ~, ¢~ ~ ~; t  , . , . .  " , ; ' : : . ' , , : ; : : : : 'v . . : ; : . : ' . . : ' . . : " . . . : ' " . . . " : ; ' : : - ' : : :  "~"  "~ ~ ';~¢~)" " ". *-: ' :~; ' /"~ ' "" ' - ' " ' - ' : ' : ' .  " " " " ' " ' "  
" ~,"  " " ' - ' : ' : ' " ' : " ;  ' " : " ; ; , ? / ; : " "  " ' " " - : ' " : : ' "  " ; ; ;  ~ ~,~-* -~*~/ ' "  . * " ~  " " "  • " '  : " ,~ ' . " - ' " J l , , ' '~" '  " ' , ' ,  '" ' " ' . ' ' , " : ' " ' " ' ' ' "  " " - ' . "  
.~ .~" / ' :  . . ' . ' , . , , ,~ / / , : , : . . ; , ' . ' . ' ; . . . ' , . : . . ' . ' . " . . . : : ' ; : ' : ' : : : . : .  ~ > ~, .~  . . . .  , . . . .  , , , : , , , , ,  . . . .  , , ,~ . . . , , , , . ,  . . . .  . . . . . . .  
: ' : "  ¢';" . " . ' : : , ' : : : ' , : / : : '¢ . ' : ' . ; ' . : " : :~. ' : : :~'? : : " . . ' :~:~: , . " : !  " ' "~ "~" ~_'" : . :~  '.~_~-'-L:,',;[,-',~,-:~" . . . . .  " . . . .  ~" . . . . . .  ::::::::::::': . . . . . . .  " " "  "'" "" 
. . . .  • ' "  / "  ~" " '  . . . .  "" " " "  ; ' "  . . . .  " ' . ' . " ' : :  "'" " . . . .  ~, ~. ,'.~ ~ ~':.~'."."'.'~-,',.G"~..'~.'~;f';,, , : :  ; , ' : " , "  " " . ' " : : ' : ' : ' " ' : " "  • -o~. -  , , ' , . , , , ,  " :o ;¢ , , , . , . , . " . . : , . ' . - - : ' . ' . . . . . . . . . . . . . , . ' .  ~.~. ~ ." " , , , ,~ ,  , ;  . : . '~ . '~ ,b  ~. ' ; , .~"  . . . .  * , , -~ ' ;~. ' ° , . ' . ' ' . " ' : " ' . . . ' . : ' ; " . ' . "  
, , ~ • - , ,  , , , o  , : : : . * . . ' . : ; . . : .~ ; . ; . , : . ' . ' . . ; . . . : . . . . : . ; . * * . "  x~ . - , , . , o - . -  - , . , , - - , . , .  . . .  . . . . . . . . . . -  . \ .  . .~ . . : . , , : . , : ' . , ,  ¢~. ~ ~,'~,z , . . , . , . ; , , , , . , : . '~ . . : , . - / , , : : . . . . , ; . ' . " . ' . . ' . ' . . ' . ' .  
• , ; ~, , . . . , , .  :; '***'., r - , ? ,  , , . - / . -  " .  * ' - * ' ,~ .~- /1  . . . .  " : . ' . . . . ' . . . ' . ' . ' : ' : : ; ' : ' : " .  
- ...: . ;-  ...:'...'. :: : -  ~:,:'.~::':".." ".'::" '." ~".'~-'.'.'.??'." ?~'~-:'?Y" -:::i; -- ,, "- -.:_~. ;" . .  .7_ . ::'..-..-'.-..:'-.  ".: ". :.'.'.'.' v.'." :.-.'.'.'. : : :. 
. "  ~ , .~ , ,~%: : '~ .~, . , . . : ' ; , . ' . . , . ; ' . ; ' . ' . ' .~ ' . : ' . ' . . . ' . . . . . . . . . . . . . . - . . ' . . . . - . .  
• ,~"  ~ *•r••°•:L•••:` •••:•;••••.••••••••••••.••••••••••••:•••••:••••••••••••.•••••••:•••:• 
Fig. 42. Motion of particles, k =240000, N= 10000, Fig. 43. Motion of particles, k =280000, N= 10000, 
heat = 20. heat = 20. 
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Fig. 44. Mot ion of particles, k =320000,  N= I0000, 
heat = 20. 
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Fig. 45. Mot ion  of particles, k = 350000, N = 10000, 
heat = 20. 
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Fig. 46. Secondary  vortices, k=300000,  N=I000,  
heat = 20. 
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Fig. 47. Secondary vortices, k =320000,  N=5000,  
heat = 20. 
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Fig. 48. Temperature curves, k =230000,  M= 10000, 
heat = 20. 
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Fig. 50. Secondary vortices, k=240000,  N=1000,  Fig. 
heat = 40. 
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51. Secondary vortices, k=250000,  N=1000,  
heat = 40. 
Next, we chose the heat source constant is 40. The qualitative behavior is the same as in the 
previous example. Some interesting results appear in Figs 50 and 5 1 for secondary vortices. They 
show two vortices moving like a toothed wheel. Figure 5 1 shows a large stream line at the top 
corner. It looks like a large secondary vortex at that time. 
5. CONCLUSIONS 
Let us, simultaneously, summarize our results and compare them with the results of Torrance 
and Rocket [8]. Torrance and Rocket used a finite difference method for a continuous, two- 
dimensional Navier-Stokes model. In it they assumed variable density only in the vertical direction, 
no volume variation with chages in temperature, and incompressibility. We proceed case by case 
as follows. 
(a) Case I. Specifically, we chose G = 0 in this case. Thus, we did not allow local attraction. 
We chose heat source constants 10, 20 and 30 and developed the resulting fluid motions. The 
primary vortex motions and isothermal temperature curves had the same patterns as in Ref. [8]. 
But we have different results for secondary vortices. Our secondary vortices cattered after a short 
time period and were, then, of a turbulent nature. We used N values of 1500 and 3000, but both 
showed, qualitatively, the same results. 
(b) Case 2. In this case, we allowed local attraction, that is, parameter G is not equal to zero. 
We tried heat source constants 40, 50 and 60. First, we chose N as in Case 1. But we couldn't see 
the primary vortex. Thus, we varied N values among 500, 1000, 2000, 5000 and 10000. For large 
N values (5000, 10000), we found the primary vortex and we couldn't see the secondary vortices. 
But, for small N values (500, 1000 and 2000), we couldn't see the primary vortex but we found 
various econdary vortices, not only at the top right-hand corner but at the lower right-hand corner. 
We showed not only single secondary vortices but multi-secondary vortices at the same time. The 
primary vortex and temperature curves are the same patterns as in Ref. [8] for all N values we used. 
However, our secondary vortex patterns are distinctly different han those in Ref. [8]. 
(c) Case 3. In this case, we generated a quiescent fluid with very little density on top. Here, we 
chose heat source constants 15, 20 and 30. We also used various N values (1000, 5000, 10000 and 
20000) for the same reason as Case 1. Similar results follow as in Case 2. Thus, the fluid motions 
have the same patterns as in Ref. [8], but we couldn't find secondary vortices when we used large 
N values (10000 and 20000). Isothermal temperature curves do not have the same patterns as in 
Ref. [8] for all N values. The reason is that we allow compressibility and variation in both volume 
expansion and horizontal density, whereas Ref. [8] does not. It seems to us that these considerations 
should be allowed when heating a gas. 
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(d) Case 4. In this case, we ran a free surface problem in a cavity. We used heat source constants 
20 and 40. The results are similar to the results of Case 3. The method of Ref. [8] does not apply 
to free surface problems. 
All the computations were made on a CRAY X-MP/24. One hour of CPU time on the CRAY 
yielded 5600 time steps for 2575 particles (Case 1 and 2) and 5500 time steps for 2980 particles 
(Case 3 and 4). 
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